The following properties are investigated:
Proof. This follows from Theorem 7.16 [Roo78] and estimates
Proof. In view of Lemma 7.10 and Theorem 7.12 [Roo78] for each ǫ > 0 the set {x : |f (x)|N µ (x) ≥ ǫ} is Af (G, µ)-compact and f is Af (G, µ)-continuous. The embedding of H into G is compact (see §1), hence for each q ∈ H there exists V clopen in H and such that q −1 V is a subgroup of H with cl G q −1 V compact in G, where cl G (A) denotes the closure of a subset A in G. The product of compact subsets in G is compact in G, hence f q (g) ∈ L H (G, µ, F) and (q, f ) → f q (g) is the continuous mapping, since the restriction of the Bco(G) and the Af (G, µ)-topologies onto X ǫ coincide, f q L H (µ) = f L H (µ) for each q ∈ H (see §1.(b)).
Proposition.
For a probability measure µ ∈ M(G) there exists an approximate unit which is a sequence of nonzero continuous functions ψ i : G → F such that G ψ i (g)µ(dg) = 1 and for each neighbourhood U ∋ e in G there exists i 0 such that supp(ψ i ) ⊂ U for each i > i 0 .
Proof. A group G has a countable base of neighbourhoods of e ∈ G. A measure µ is quasi-invariant, hence U µ > 0 for each neighbourhood U ∋ e, µ is the tight measure, hence there exists a system of neighbourhoods {U i : U i ∋ e∀i}, i U i = {e}, U i ⊃ U i+1 for each i, supp(ψ i ) ⊂ U i . Choose ψ i such that G ψ i (g)µ(dg) = 1 for each i.
5. Proposition. If (ψ i : i ∈ N) is an approximate unit in H relative to a probability measure ν ∈ M(H), then lim i→∞
Proof. In view of Theorem 7.12 [Roo78] for each ǫ > 0 and each i there exists a finite number of h j ∈ H, j = 1, ..., n, n ∈ N, such that
for each x and y ∈ G.
Let µ and ν be probability measures,
and there exists a function h : G → F such that h| H is continuous, h = f * g µ-a.e. on G and h vanishes at ∞ on G.
Proof. In view of Fubini theorem we have
In view of Lemma 3 the function α f (g (qx) −1 ) =: v(qx) =: w(q, x) of two variables q and x is continuous on H × H for q, x ∈ H, since the mapping (q, x) → (qx) −1 is continuous from
for each ψ ∈ L ∞ (G, µ, F). From this it follows, that µ({y : h(y) = (f * g)(y), y ∈ G}) = 0, since h and (f * g) are µ-measurable functions due to Fubini theorem and the continuity of the composition and the inversion in a topological group. In view of Theorem 7.12 [Roo78] for each ǫ > 0 there are compact sub-
since by the supposition of §1 the group H has the base B H of its topology τ H , such that the closures cl G V are compact in G for each V ∈ B H . From the inequality
it follows that for each δ > 0 there exists a compact subset K ⊂ G with
7. Proposition. Let A, B ∈ Af (G, µ), µ and ν be probability measures, 
In view of Lemma 6 ζ(x)| H is continuous. There is the following inequality:
In view of Theorem 7.16 [Roo78] there exists
8. Corollary. Let A, B ∈ Af (G, µ), ν ∈ M(H) and µ ∈ M l (G, H) be probability measures. Then denoting Int H V the interior of a subset V of H with respect to τ H , one has
) is a probability measure, then G is a locally compact topological group.
Proof. Let us take ν = µ and A = C ∪ C −1 , where C is a compact subset of G with (C) µ > 0, whence (yA) µ > 0 for each y ∈ G and inevitably
Proof. In view of the cocycle condition
on ρ µ and Corollary 8 above, Theorem 7.12 [Roo78] for each ǫ > 0 the quasi-
Proof. It follows from Corollaries 9 and 10.
12. Remark. The latter two corollaries show, that the condition of continuity of ρ µ (h, z) imposed in [Lud03s2, Lud96c] is not restrictive.
13. Lemma. Let µ ∈ M l (G, H) be a probability measure and G be non-locally compact. Then H µ = 0.
Proof. This follows from Theorem 3.13 [Lud96c] above and the proof of Lemma 2, since the embedding T e H ֒→ T e G is a compact operator in the non-Archimedean case and a tight measure µ on G induces a tight measure on a neighbourhood V of 0 in T e G such that V is topologically homeomorphic to a clopen subgroup U in G (see also papers about construction of quasiinvariant measures on the considered here groups [Lud96, Lud99t, Lud98s,
14. Let (G, τ G ) and (H, τ H ) be a pair of topological non-locally compact groups G, H (Banach-Lie, Frechet-Lie or groups of diffeomorphisms or loop groups) with uniformities τ G , τ H such that H is dense in (G, τ G ) and there is a probability measure µ ∈ M l (G, H) with continuous ρ µ (z, g) on H ×G. Also let X be a Banach space over F and IS(X) be the group of isometric F-linear automorphisms of X in the topology inherited from the Banach space L(X) of all bounded F linear operators from X into X.
is a weakly measurable representation and X is of separable type c 0 (F) over F, then there exists
, where I is the unit operator on L(G, µ, F). Then we can define
hence A a h is strongly continuous with respect to h ∈ H, that is,
Denote
h is uniquely extended to an isometric operator on the Banach space X ′ ⊂ X. In view of Lemma 10,
Hence T ′ may be considered equal to T µ-a.e. Then a space
For proving the second statement let
where X * denotes the topological dual space of all K-linear functionals f :
Suppose that {ξ * n : n ∈ N} is an orthonormal system in X * separating points of X. It exists, since by the supposition of this theorem
for each g ∈ G \ S m , where S m µ = 0. Therefore, ξ * m (T g ξ) = 0 for each m ∈ N, if g ∈ G \ S, where S := ∞ m=1 S m . Hence T g ξ = 0 for each g ∈ G \ S, consequently, ξ = 0. Consider the embedding X ֒→ X * with the help of the standard orthnormal basis {e j : j} in X over F. Therefore, let
for each n, m ∈ N and each g ∈ G \ γ, where γ := n,m γ n,m and γ µ = 0, since in L(G, µ, F) the family of all step functions is dense. Therefeore, R = 0. Let
Definition and note. Let {G
Evidently H i are Banach spaces over F. Let
16. Lemma. The convolution * : H i+1 × H i → H i is the continuous F-bilinear mapping.
Proof. From the definitions we have:
AB ∋ yz and AB ∈ Af (G i+1 , µ i+1 ), which follows from
For elements f and g ∈ H their convolution is defined by the formula: f ⋆g := h with
18. Lemma. H is a non-associative non-commutative Banach algebra with involution * , that is * is F-bilinear and f * * = f for each f ∈ H.
Proof. In view of Lemma 16 the convolution h = f ⋆ g in the Banach space H has the norm h ≤ f g , hence is a continuous mapping from H ×H into H. From its definition it follows that the convolution is F-bilinear.
It is non-associative as follows from the computation of i-th terms of (f ⋆g)⋆q and f ⋆ (g ⋆ q), which are (f i+2 * g i+1 ) * q i and f i+1 * (g i+1 * q i ) respectively, where f , g and q ∈ H. It is non-commutative, since there are f and g ∈ H for which f i+1 * g i are not equal to
19. Note. In general (f ⋆ g * ) * = g ⋆ f * for f and g ∈ H, since there exist f j and g j such that
20. Definition. Consider the standard Banach space c 0 (F) over the field F as a Banach algebra with the convolution α ⋆ β = γ such that
where
21. Note. The algebra c 0 (F) has two-sided ideals J i := {α ∈ c 0 (F) :
and J is the F-linear subspace of c 0 (F), but J ⋆ c 0 (F) = J. There are also right ideals, which are not left ideals:
for each i ∈ N o , where K −1 := c 0 (F). The algebra c 0 (F) is the particular case of H, when G j = {e} for each j ∈ N o . We consider further H for non-trivial topological groups outlined above with
22. Theorem. If F is a maximal proper left or right ideal in H, then H/F is isomorphic as the nonassociative noncommutative algebra over F with c 0 (F). 
consequently, F ֒→ F j for each j ∈ N o . Since F is embeddable into each F j , then there exists the embedding of c 0 (F) into F , where H j := {f j : f ∈ H}, π j : H → H j are the natural projections.
The subalgebra F is closed in H, since H is the topological algebra and F is the maximal proper subalgebra. The space
There exist F-linear continuous operators from c 0 (F) into c 0 (F) such that x → (0, ..., 0, x 0 , x 1 , x 2 , ...) with 0 as n coordinates at the beginning,
where N ∋ l ≥ 2, σ k ∈ S l are elements of the symmetric group S l of the set (0, 1, ..., l − 1). Then f ⋆ (g ⋆ h) + c 0 (F) and (f ⋆ g) ⋆ h + c 0 (F) are considered as the same class, also f ⋆ g + c 0 ( Let us adjoin a unit to H/c 0 (F) and to F /c 0 (F). There is satisfied
that is possible, since each G i is ultrametrizable. Choose U i,j such that where m, n ∈ N, there exists a family α i,j ∈ F and {U i,j : i, j} such that
Consider the algebras H/c 0 (F) =: A and F /c 0 (F) =: B. The algebras A and B are commutative and associative. From the preceding proof it follows that span F {e i (z −1 g) + c 0 (F) : i ∈ N, z ∈ G ∞ } is dense in A, each e i (z −1 g) + c 0 (F) is the idempotent element in A. Therefore, by Theorem 6.12 [Roo78] A is the C-algebra. By the definition this means, that there exists a locally compact zero-dimensional Hausdorff space X such that A is isomorphic with C ∞ (X, F), where C ∞ (X, F) is the subspace of all f ∈ C b (X, F) for which for each ǫ > 0 there exists a compact subset X ǫ,f of X with |f (x)| < ǫ for each x ∈ X\X ǫ,f . In accordance with Theorem 6.3 [Roo78] each maximal ideal B of C ∞ (X, F) has the form B = {f ∈ C ∞ (X, F) : f (z 0 ) = 0}, where z 0 is a marked point in X. On the other hand, as it was proved above F j = H j for each j ∈ N o , hence there exists the following embedding c 0 (F) ֒→ (H/F ) and (H/F )/c 0 (F) is isomorphic with (H/c 0 (F))/(F /c 0 (F)).
Therefore, H/F is isomorphic with c 0 (F). 
